ON THE REGULARITY AND KOSZULNESS OF MODULES 
OVER LOCAL RINGS 
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Abstract. Koszul modules over Noetherian local rings R were introduced by 
Hcrzog and Iyengar and they possess good homological properties, for instance 
their Poincare' series is rational. It is an interesting problem to characterize 
classes of Koszul modules. Following the idea traced by Avramov, Iyengar and 
Sega, we take advantage of the existence of special filtration on R for proving 
that large classes of i?-modules over Koszul rings are Koszul modules. By 
using this tool we reprove and extend some results obtained by Fitzgerald. 



Introduction 

Consider a Noetherian local ring (or a standard graded fc-algebra) R with maxi- 
mal (or maximal homogeneous) ideal m and residue field k. Given a finitely gener- 
ated i?-module M and F its minimal free resolution, denote by lin (F) the associ- 
ated graded complex F arising from the standard m-adic filtration; the details arc 
given in Section 1. This construction has been investigated by Hcrzog and Iyengar 

(» 

Following [TU], a finitely generated i?-module M is Koszul if tiffin (F)) = 
for all i > 0. Such modules are characterized by the property that their associ- 
ated graded module gr m (M) has a linear resolution over the associated graded ring 
gr m (i?). The ring R is Koszul if A; is a Koszul module. 

From certain point of views, Koszul algebras behave homologically as polynomial 
rings. For instance, if R is a graded Koszul algebra, then every finitely generated 
graded module over R has regularity bounded by its regularity over a polynomial 
ring of which the Koszul algebra is a homomorphic image. 

There are some techniques to prove that a graded algebra R is Koszul. One of 
them is the existence of a special filtration called Koszul filtration which is intro- 
duced by Conca, Trung and Valla ([B]). Roughly speaking, a Koszul filtration for 
an algebra R is a family of ideals of R generated by linear forms such that any ideal 
of the family can be filtered in such a way that all the successive colon ideals belong 
to the family. If an algebra has a Koszul filtration, then it is necessarily Koszul ([5J 
Theorem 1.2]). Conca, Valla and Rossi in [5] defined a special Koszul filtration, 
called Grobncr flag, which is just a Koszul filtration supported on a single complete 
flag of linear forms. 

The goal of this paper is to take advantage of the existence of Koszul filtration 
and Grobner flag to determine some classes of Koszul modules over Koszul rings. 
In Section 2, we will be concerned with three classes of rings: 
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(i) a local ring (R, m) which has an element ^ x G m with x 2 = and 

im = m 2 ; 
(u) the class of Cohen-Macaulay local rings with minimal multiplicity; 

(Hi) a local ring (R, m) with the property that ann(x)m = m 2 for all x G m\m 2 . 
We investigate the Koszul property and we find some upper bounds for the regu- 
larity of modules over these classes of local rings. 

Theorem 12.131 states that if ^ x G m satisfies x 2 = and xm = m 2 (such 
an element is called a Conca generator of m), then modules annihilated by x are 
Koszul. This result was already proved in [3l Theorem 3.2], here we give an alter- 
native proof as an application of the existence of Grobncr flag. 

It is known that a Cohen-Macaulay local ring R of minimal multiplicity is Koszul 
(see [H] Theorem 5.2]). We show, in Theorem 12 .14[ that every finitely generated 
_R-modulc annihilated by a minimal reduction of m, is Koszul. 

Let (R, m) be a local ring and ann(x)m = m 2 for every x G m \ m 2 . Then, by a 
result of Fitzgerald ([7J Theorem 3.6]), the ring R is a Koszul ring. Here, we extend 
and improve this result. More precisely, we show that the associated graded ring 
of R has a Koszul filtration. This gives us an alternative proof for the Koszulness 
of R. Moreover, for a finitely generated i?-modulc M we establish the following: 

(i) M is Koszul if there exists x G m \ m 2 such that ann(cc)M=0; 
(ii) if x\, ■ ■ ■ ,x s are in m\ m 2 , then (x\, ■ ■ ■ ,x s )M is Koszul; 
(Hi) reg R (M) < 1 . 

Throughout the paper, all rings are commutative Noethcrian, all modules arc 
finitely generated and fc denotes a field. Also, we will use Z (respectively No) to 
denote the set of integers (respectively non- negative integers) . 

1. Notations and Generalities 

In this section, we are going to fix some notations and generalities. 
Let R = © ieN Ri be a standard graded fc-algebra, that is R = k and R is 
generated (as a fc-algebra) by elements of degree 1. 

Remark 1.1. Let M ~ © ieZ Mi be a graded R-module. 

(1) For each d € Z we denote by M(d) the graded R-module with M(d) p = 
Md+p, for all p G Z. Denote by m the maximal homogeneous ideal of 
R. Then we may consider k as a graded R-module via the identification 
k = R/m. 

(2) The Hilbert series of M is defined by YIm(z) = X)iez ^ ui k(Mi)z l G Qflz^z" 1 ] 

(3) A minimal graded free resolution of M as an R-module is a complex of free 
R-modules 

F = .--F i %F i - 1 ^ ► F ± ^h F a -». 

such that Hj(F) = for i > 0, H (F) = M and d l (F l ) C mi^-i for 



all j 6 No. Each Fi is isomorphic to a direct sum of copies of R(—j), for 
j G Z. Such a resolution exists and any two minimal graded free resolutions 
are isomorphic as complexes of graded R-modules. So, for all j G Z and 
i £ No the number of direct summands of Fi isomorphic to R(—j) is an 
invariant of M , called the ij-th graded Betti number of M and denoted by 
/3fj(M). Also, by definition, the i-th Betti number of M as an R-module, 
denoted by ftf'(M), is the rank of Fi. By construction, one has /3/*(Af) = 
dim fc Torf (M, k) and /3%{M) = dim* Torf (M, fc)j. 

(4) The Poincare series of M is defined by 

P£r(i)=£>f(MK£Q[|i|], 

i 

and its bigraded version is 

R 

P&(M) = £A,-M*VeQ[a][|t|]. 

(5) The Castelnuovo-Mumford regularity of M is defined by 

reg H (M) = sup{j - i\j £ Z,i £ N and P$(M) ± 0}. 

This invariant is, after Krull dimension and multiplicity, perhaps the most 
important invariant of a finitely generated graded R-module. 

(6) Let R be a standard graded k-algebra and M be a graded R-module. The 
initial degree indeg(M) of M is the minimum of the i such that Mi ^ 0. 
We say that M has d-linear resolution if d = indeg(Af) and reg R (M) = d. 
In the case indcg(M) = 0, one can see that reg R (M) = if and only if the 
graded Poincare series P M (s,i) can be written as a formal power series in 
the product st. 

We define now the notion of regularity to local rings, adopting the notion of 
(§ega [3, Section 2]). 

Definition and Remark 1.2. Let (R,m, k) be a local ring (or a standard graded 
k-algebra with the maximal homogeneous ideal m). Let M be an R-module (or a 
graded R-module). 

(1) We denote by R 9 the associated graded ring ©j> m z /m l+1 ; which is a 
standard graded k-algebra, and by M 9 the associated graded R 9 -module 
(D i>0 m l Af/m I+1 Af with respect to the m-adic filtration. 

Notice that in the graded case since R is standard graded, the k- algebras R 
and R 9 are naturally isomorphic. But M and M 9 need not be isomorphic 
unless M is generated by elements of degree zero. 

(2) Let (R, m, k) be a local ring and N be an R-module. The regularity of N 
over R is defined by 

Yeg R (N):=reg Rg (N 9 ). 
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2. KOSZUL MODULES 



We start this section by the construction of the linear part of a complex over a 
local ring (i?,m, k), recalled below. 

Construction 2.1. A complex of R-modules 

. S~1 . *~~1 ®n j~i 

— ' ' ' r L^?i + 1 r L'n r On— 1 ? • ■ • 

is said to be minimal if d n (C n ) C mC„-i for all n£Z. The standard filtration T 
of a minimal complex C is defined by subcomplexes {^C}j>o, where 

(PC) n = m l - n C n for all neZ 

with the convention that m J = for j < 0. The minimality of the complex C 
ensures that d(J- l C) C T l C for each integer i so that J- is a filtration of C. The 
associated graded complex with respect to this filtration is denoted by lin '(C), and 
called the linear part of C By construction, lin (C) is a minimal complex of graded 
modules over the graded ring R 9 and has the property that lin (C) n = C%(—n). 

Recall that over local rings, each finitely generated module has a minimal free 
resolution, and that this is unique (up to isomorphism). Thus, one may speak of 
the minimal free resolution of such a module. 

Now, we introduce the main objects of interest, Koszul rings and modules. We 
refer to [TU] and [T7] for detailed studies of Koszul property. 

Definition 2.2. Let (i?,m, k) be a local ring. An R-module M is said to be Koszul 
if lin (F) is acyclic, where F is the minimal free resolution of M . R is Koszul if 
its residue field k is Koszul as a module over R. 

Remark 2.3. The notion of Koszul modules can be defined in the graded case. 

(1) Let R be a standard graded k-algebra with the maximal homogeneous ideal m 
and M be a graded R-module. Let F be the minimal graded free resolution 
of M . As in the local case, one can define the standard filtration of F 
with respect to m and the associated graded complex lin '(F). We remind 
that since R is standard graded, the k-algebras R and R 9 are naturally 
isomorphic. Given these considerations, one can speak of Koszul modules. 
If a graded R-module M has a linear resolution, then it is Koszul, but the 
converse fails in general (see JUl 1.9]^. 

In keeping with tradition, when the R-module k is Koszul, we say that R 
is a Koszul algebra, rather than a Koszul ring. In fact, a local ring R is a 
Koszul ring if and only if R 9 is a Koszul algebra. 

(2) In both local and graded case, Koszul modules are characterized by the prop- 
erty that their associated graded module M 9 has 0-linear resolution over the 
associated graded ring R 9 . 

S. Iyengar and T. Romer in [13] defined R to be absolutely Koszul if every finitely 
generated i?-modulc has a high syzygy module which is Koszul. While absolutely 



Koszul rings have to be Koszul, the converse does not hold; see the discussion in 
the introduction of |10j . 

The most important property of Koszul algebras is that every graded module 
over a Koszul algebra has finite regularity. Avramov and Eisenbud in [2] proved 
that, if R is a Koszul algebra which is a homomorphic image of a polynomial ring 
S, then for every graded i?-module M 

reg R {M) < reg s (M). 

In the this section wc will improve this upper bound for some classes of Koszul 
rings. 

Using a result of §ega ([XTl Proposition 2.3]) and Herzog and Iyengar ([TUJ 
Proposition 1.5]), we have the following equivalent conditions for the Koszul prop- 
erty of a module over a local ring or a standard graded algebra. 

Theorem 2.4. Let R be a local ring (or a standard graded k-algebra) and M be 
an R-module (or a graded R-module) . The following statements are equivalent. 

(1) M is a Koszul R-module. 

(2) M 9 has 0-linear resolution . 

(3) regp(M»)=0. 

(4) P Mg (s, i) can be written as a formal power series in the product st. 

By [TTJl Proposition. 1.8], a Koszul module M over a local ring (or a standard 
graded fc-algcbra) R satisfies 

PmW = ?mS) = B. M „(-t)/K R (-t). 

When R is a standard graded fc-algcbra, Lofwall proved that this formula, with M 
equal to k, is actually equivalent to R being Koszul (see [HI Theorem 1.2]). In the 
following we improve this result to modules. 

Theorem 2.5. Let R be a standard graded k-algebra and M be a graded R-module. 
The following conditions are equivalent. 

(1) M is a Koszul module. 

(2) P£.(*) = H M .(-i)/H B (-t). 

Proof. The implication (1) =>• (2) follows from [TUJ proposition 1.8]. 

We prove now (2) => (1). Let P&(*) = £.>„ b t t\ H H (t) = £i>o h.fi and K u ,(t) = 

Si>o °***- Consider the minimal graded i?-free resolution of M 9 : 

■ ■ ■-> © R(-j)^ -»• ■ • • -► © i?(-i)^' j ->- i?(-j) Al - ->- a/ 9 -> o. 

3 3 3 

We use induction on i to show that f3i.j = for i > with i ^ j. The case i = 
is clear, because M 9 is generated by elements of degree 0. Let i > and suppose 
by induction that (3 r j = for r < i and r ^ j. Then b r = /3 r ,r for r < i. The above 
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resolution induces the following exact sequence of A:- vector spaces 

o -)■ R^ -> r];- 1 -)■ ► #£° -> (M»)j -> 0. 



Notice that R(—i — 1).; = 0. Therefore a« = X)r=o( — ^) r dim*; i?fl£ and by assump- 
tion we have a^ = 'Y^ r r Z^ {~\-) r b r h i _ r . So, /^j = 6j, which implies that /3,j- = for 
j > i. Now, the result follows from Theorem 12.41 □ 

There are various methods for proving that a fc-algebra is Koszul, depending on 
the kind of information and presentation of the algebra one has, see for example 
Section 3 in [4]. One of them is the concept of Koszul filtration. This notion, 
introduced in [BJ, was inspired by the work of Herzog, Hibi and Restuccia ([3]) 
on strongly Koszul algebras. Let us first recall the standard definition of Koszul 
filtration. 

Definition 2.6. Let R be a standard graded k-algebra. A family J- of ideals of R 
is said to be a Koszul filtration of R if: 

(1) Every ideal I € T is generated by linear forms (i.e homogeneous element 
of degree 1 ). 

(2) The ideal (0) and the maximal homogeneous ideal m of R belong to J- . 

(3) For every I 6 J- different from (0), there exists J £ J- such that J C 
/, I / J is cyclic and J : I £ J-. 

An important class of rings with a Koszul filtration arc rings defined by quadratic 
monomial relations. If R = K[x\, ■ ■ ■ , x n ]/I where I is generated by monomials of 
degree 2, then it is easy to see that the family of all the ideals generated by subsets 
of {xi, ■ • • , x n } is a Koszul filtration for R. 

The following result is well known (see [BJ Proposition 1.2]). 

Proposition 2.7. Let J- be a Koszul filtration of R. Then for every ideal L G J- 1 
the R-module R/L has 0-linear resolution. 

A simple way to prove that an algebra is Koszul is to show that the defining 
ideal is generated by a Grobner basis of quadrics. A ring has this property if it 
possesses a special Koszul filtration, called Grobner flag (see j5] Theorem 2.4]). 

Definition 2.8. Let R be a standard graded k-algebra with the maximal homoge- 
neous ideal m. A Grobner flag of R is a Koszul filtration J- of R which consists 
of a single complete flag. In other words, a Grobner flag is a set of ideals T = 
{(0) = (Vo), (Vi), • • • , (V n -i), (V n ) = m}, where Vi is an i-dimensional subspace of 
Ri, Vi C Vi+i and there exists ji £ {1, • ■ ■ ,n} such that (Vi—i) : (Vi) = (V^). 

This is equivalent to say that there exists an ordered system of generators h, ■ ■ ■ ,l n 
of Ri (a basis of the flag) such that for every i = 1, • • ■ , n we have 

(h, • • ' j U-i) '■ h = (h, • • • j Iji)- 



Definition and Remark 2.9. Let R be a standard graded k-algebra with the 
maximal homogeneous ideal m. Assume that R has a Koszul filtration, say T . A 
chain Iq C I\ C • • • C I n = Ttl of elements of J- is called a flag in J- starting from 
Io, if for all 1 < i < n, (7;-i : h) E J- and 7j/7j_i is cyclic. It is straightforward 
to see that, any Koszul filtration has a flag starting from (0) . 

If J 7 is a Grobner flag, then for every element I £ J- there exists a flag in T 
starting from I. But it is not a necessary condition. 

Let S = fc[xi, • ■ ■ ,x n ] be a polynomial ring and R = S/I where I is a graded 
ideal generated by monomials of degree 2. As we mentioned before the family of all 
the ideals generated by subsets of {x\, ■ ■ • , x n } is a Koszul filtration of R. One can 
see that for each element I of this filtration there exist a flag starting from I . In [H 
Example 2.6], it is shown that this Koszul filtration of R — k[x, y, z]/(x 2 , xy, yz, z 2 ) 
is not a Grobner flag. 

For a flag Iq C ii C • • • C I n = m in a Koszul filtration T the following 
result gives us a relation between the bigraded Poincare series of modules over a 
component R/Ii and R itself, which will be used later. 

Proposition 2.10. Let R be a standard graded k-algebra with the maximal homoge- 
neous ideal m, which has a Koszul filtration J- . Assume that Iq C I\ C • • • C I n = m 
is a flag in J- '. If M is a graded R/I r -module for some < r < n, then 

Proof. Let 1 < i < n. By definition of a flag, Ij i := (ij_i : /;) £ T and Ij/Jj_i is 
cyclic. So Ii/Ii-i = (ij/jjj(— 1) and we get the exact sequence 

— ► {R/I 3i ){-\) — ► R/Ii_ x — »• R/Ii — > 

of graded modules and homomorphisms. This induces the long exact sequence 

► Tku*(R/I jt , k).-i — + Torf (fl/Ji-i, k). —* Torf (i?//,, fc) s 

for all integers s, t > 0. As iJ/X,^ has 0-linear resolution over i?, Tor t (R/Ij t , fc) s -i = 
for s ~ t. Therefore, the map 

Torf (R/Ii-u k) t — > Tbrf (iJ/Ji, fc) t 

is injective for all £ > 0. This, in conjunction with the fact that the graded R- 
module Torf (R/Ii, k) is concentrated in degree t for i = 1, • • • , n, implies that the 
map 

Torf (R/Ii-x, k) — ► Tbif (fl/Ii, fc), 
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which is induced by the natural cpimorphism i?//,_i — > R/ Li, is injective for all 
1 < i < n. Hence for each i = 0, • • • , n, the homomorphism 

ToT?(R/Ii,k) — >Torf(fc,fc), 

induced by the natural surjective ring homoniorphism R/Ii — >■ k, is injective. 
Now, it is not difficult to see that, the proof of the implication (3) =>■ (2) in [T4l 
Theorem 1.1] translates smoothly to the graded case. Namely, that argument uses 
spectral sequences that preserve grading and it leads to the following conclusion 

(2.10.1) P«(*,t) =P^ ) (M)P£ /(7r) (M). 

□ 

Corollary 2.11. Let the situations be as in \2.10\ Then M is Koszul over R if and 
only if M is Koszul over R/I r . 

Proof. Using [2~7l fl//^ has 0-linear resolution over R. So, by Theorem l2.4[ P^/^ (s, t) 
can be written as a formal power series in the product st. Therefore, the equality 
(|2.10.1j) implies that P M , (s, t) is a formal power series in the product st if and only 
if P A/g r (s,<) has this property. Now, the result follows from Theorem 12.41 □ 

Definition and Remark 2.12. Let R be a ring and L an ideal of R. We say 
that x € L is a Conca generator of L if x ^ = x 2 and xL = L 2 . One then has 
J 3 = (xl)l = x 2 L = 0, and also x g" L 2 . The contrary would imply x G L 2 — xL C 
J 3 = 0, a contradiction. 

Let R be a standard graded k-algebra and let I £ R± be a Conca generator of 
the maximal homogeneous ideal m of R. By [5l Lemma 2.7], the algebra R has a 
Grdbnerflag T = {0 = (V ), (V x ), • • • , (K-i), (V n ) = m} with (Vi) = (I). Thus for 
a graded R-module M with IM = 0, M is Koszul over R if and only if M is Koszul 
over R/IR, by Corollaru \2.11\ 

Avramov, Iyengar and §ega proved that over a local ring whose maximal ideal 
has a Conca generator, every module has a Koszul syzygy module (see [3]). In the 
following we give some information about the Koszul modules and the regularity 
of modules over these kind of rings. The first statement was already proved in [3], 
but we insert here a proof as a consequence of Corollary 12. Ill 

Theorem 2.13. Let (i?,m, k) be a local ring, x be a Conca generator ofm and M 
be an R-module. Then the following hold. 

(1) M is Koszul if xM = 0; 

(2) reg R (M) < 1; 

(3) mM is Koszul; 

(4) For every ideal I of R the quotient ring R/L is a Koszul ring. 



Proof. (1) Let M be an i?-module such that xM = 0. Set x* be the corresponding 
initial form of x in R 9 . Thus 

x* £ R(, x* 2 = 0, x*R{ = R 9 2 and x* M 9 = 0. 

Let n = dinifc R 9 . Then, in view of Definition and Remark l2.121 R 9 has a Grobner 
flag T = {0 = (Vo),(Vi),--- ,(K-i),(K) - (i??)}, such that (V x ) = (x*). And 
M 9 is Koszul over i? 9 if and only if M 9 is Koszul over R 9 /x*R 9 . Considering the 
fact that 

(R 9 /x*R 9 ) t = for all i > 2, 

M 9 has 0-linear resolution over R 9 /x*R 9 . Therefore, M 9 is Koszul as an i? s -module 
by Corollary |2~TT1 

(2) The exact sequence 

— > x*M 9 — > M 9 — > M 9 /x*M 9 — > 
induces the long exact sequence 

(2.13.1) 
► Torf 9 (x* M 9 , k)j — > Torf (M 9 , k)j — -> Torf " (M 9 /x*M 9 , k)j — ► • • ■ 

for all j G Z. 
Since 

x*[(x*A/ 9 )(l)] = and x*(M 9 /x*M 9 ) = 0, 

M 9 /x*M 9 is Koszul and x*Af 9 has 1-linear resolution by (1). Therefore, 12.13.11 
implies that ieg R (M) < 1. 

(3) Let m* be the maximal homogeneous ideal of R 9 . We have (mM) 9 = 
(m*M 9 )(l). Thus mM is Koszul if and only if the graded module m*M 9 has 
1-linear resolution. Set t = dim^ M/mM. Then, the exact sequence 

— ► (m*M 9 )(l) — > M 9 {1) — > jfe(l)* — »• 

induces the long exact sequence 

► Torf" (jfc*, fc) j+1 — »■ Torf ((m*M 9 ){l), k) 3 -^ Torf 9 (M 9 , fc) i+1 —►•••. 

As i? is Koszul and reg iJ (M) < 1, we obtain, Torf (m*M 9 (l), fc)j = for j > i. 
This implies that mM is Koszul. 

(4) Let / C tn be an ideal of R and we denote by " — " the natural image of 
the homomorphism R — > R/I. We consider two cases. If x ^ 0, then x is a Conca 
generator of m and therefore R is a Koszul ring. If x = 0, then there exists an ideal 
J of R such that / = xR + J and x £ J. Hence, x + J € i?/ J is a Conca generator 
of the maximal ideal of Rj J . This implies R/J is Koszul and thus, k has a linear 
resolution as an (i?/J) 9 -module. Also, one can see that I* = x*R 9 + J* , where /* 
and J* are ideals generated by initial forms of elements of I and J , respectively. 
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Now, since (R/J) 9 = R 9 / J* and (R/I) 9 = R 9 /I*, the conclusion follows fromETJJ 
in conjunction with the fact that k has 0-linear resolution over (R/J) 9 . D 

For a Cohcn-Macaulay local ring R, Abhyankar ([T]) proved the following in- 
equality 

e>h + l, 

where e is the multiplicity of R and h = embdinxR — dim R. We say that a Cohcn- 
Macaulay local ring R has minimal multiplicity if the equality e = h + 1 holds. 

The following result extends to modules a result that was already known for 
local rings (see (TTJ Theorem 5.2]). 

Proposition 2.14. Let (R,m,k) be a Cohen- Macaulay local ring of dimension 
d > and of minimal multiplicity. Assume that k is infinite. Then any R-module 
annihilated by a minimal reduction of m is a Koszul module. In particular, R is a 
Koszul ring. 

Proof. Let J be a minimal reduction of m. Then, there exist a maximal superficial 
sequence a\, ■ ■ ■ ,a<i such that J — (a\, ■ ■ • , ad) (see [H]). For all i = 1, • • • , d set 
a* be the corresponding initial form of a^ in R 9 . Also, set J* be the graded ideal 
generated by the initial forms of J. Then, by [TH Corollary 2.6], R 9 is a Cohcn- 
Macaulay ring and the sequence a*, ■ ■ • , a* d is an i? 9 -regular sequence. Now, setting 
n := dinifc Rf , there exist bd+i, • ■ ■ , b n in R g such that 

R\ = ( a li ■ ■ ' i a *d^d+l, ■ ■ ■ ,b n )k- 

Since R has minimal multiplicity, again by |161 Corollary 2.6], we have 

Jm l =m i+1 foralH>l. 

So, 

J* = (oI,-.-,o5), J*{R{) = {Rl) 
and then 

b t R{ C (a{, ■ ■ • , a* d )(Rl) for d + 1 < i < n. 
Thus, for rf + l<z<7iwe have 

((a*, 1 -- ,a d ,bd+i,--- ,h-i) ■ k) = (Rf). 

Also, 

(0 : a{) = and (a*, • • • , a*_ x : a* ) = (a*, • • • , a*^), 
for all i — 1, ■ • • d. which implies that the ordered basis {aj, ■ • • , a dl bd+i, • • • , b n } 
of R 9 is a flag basis for R 9 . 
Now, one has 

RO/J* = (R/J) 9 
and 

[(R/J) 9 ], = for all i > 2. 

Therefore, if M is an i?-module such that JM = 0, then J*M 9 = and it is clear 
that M 9 has 0-linear resolution over R 9 / J* . Hence the result follows from 12. lH 
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□ 



Fitzgerald established in [7J Theeorem 3.6] that a local ring (R, m) with m 3 = 
and ann(x)m = m 2 , for all x G m \ m 2 , is Koszul. But the Koszul property of 
modules over this class of rings is not known. 

Below, we show that the associated graded ring of a local ring which satisfies 
the above condition, admits a Koszul filtration. And we give an alternative proof 
for the result obtained by Fitzgerald. Furthermore, we will give information on the 
Koszulness and the regularity of modules over the local rings with this property. 

Theorem 2.15. Let (R,m) be a local ring and M be an R-module. If &im(x)m = 
m 2 , for all x G m \ m 2 , then the following hold. 

(i) M is Koszul if there exists x G m \ m 2 such that ann(a;)M =0; 

In particular, R is a Koszul ring. 
(m) if xi, ■ ■ ■ ,x a are in m\ m 2 , then (xi, ■ ■ • , x s )M is Koszul; 
{in) veg R (M) < 1; 
(iv) for every ideal /Cm the quotient ring R/I is Koszul; 

Proof. Let m be minimally generated by xi, • ■■ ,x r . Then the assumption implies 
that m 2 C r)i=i ann(xj). Hence m 3 C mp| i=1 a,im(xi) = 0. 
If x G m \ m 2 and r G ann(x) with r G m \ m 2 , then 

(r + m 2 )(a; + m 2 ) = rx + m 3 = 0. 

Now, clearly 

ann(x)* = ann(x*) Vx G m \ m 2 , 

where ann(x)* is the ideal of R 9 generated by the initial forms of elements of ann(x) 
and x* is the initial form of x in R 9 . Let r be an arbitrary element in m 2 . Then, 
by the assumption, r G ann(x)m and we may write 

r = 2~] r i z i where n G m \ m 2 , Zi G ann(x) \ m 2 . 

This implies 

(2.15.1) i?§ C (axm(x)*R{) = (a,im(x*)R 9 ). 

Therefore, for each non-zero element I G R{ , R 9 2 Q ann(Z). This shows that ann(7) 
is generated by linear forms. 

Now, we claim that the family of ideals 

T := {I C R 9 : I is generated by linear forms} 

is a Koszul filtration of R 9 . Set m* be the maximal homogeneous ideal of R 9 . 
Clearly (0) and m* are in F. Let / be a non-zero element of T generated by the 
linear forms ii, ••• ,h-i,h with li ^ 0. Set J = (ii, ••• , h—i), obviously I/J is 
cyclic. We have 

R 9 C ann(^) C ((l 1: ■■■ , k_ x ) ■ k) C (J : I). 

Hence, (J : I) G T. 
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In order to prove (i), consider x G m \ m 2 . By (|2.15.1[) . ann^(a;)* is generated 
by linear forms and so 

ann(x)* G T . 

Let ann(x)* = (h,--- ,l r ,) for suitable independent linear forms k G Rf. We 
can extend h, ■■ ■ , l r to a basis {h, ■ ■ ■ ,l r ,l r +i, • • ■ ,ln} of i?f, where n = dimfe(-Rf). 
Let 1 < i < n — r. Set 

Then we have 

It Q It+1 C • • • C I n = m* 
and one can see that 

(Ij-i '■ Ij) = In for all r + 1 < j < n. 

Hence I r C 7 r+1 C • ■ • C I n = m* is a flag in J 7 starting from 7 r . Now, if TV is a 
graded i? 9 /Z;-module for some r < i < n, then, by Proposition ^. 101 we have 



(2.15.2) P* 9 (s,t)=-p% 9/Ii (s,t)Fg g/Ii (s,t). 

Let A^ be a graded i? s // r .-module generated by elements of degree d. Then, since 
(R 9 /I r )i = for i > 2, N(d) has 0-linear resolution over R 9 /I r . Also, since I r G J 7 , 
the i? ff -module R 9 jl r has 0-linear resolution, by Proposition ^. 71 Now, using [2~15. 21 
and Remark ll. 1( 6) we conclude that N has (i-linear resolution over R 9 . 

Let a; G m \ m 2 such that ann(a;)M = 0. This implies that ann(a;)*M 9 = 0. 
Hence M 9 is an i? s /ann(cc)*-modulc and by the above argument M 9 has 0-lincar 
resolution over R 9 . Therefore, by Theorem 12. 4[ M is Koszul . 

(ii) Let a?i, • • • ,x s G m \ m 2 . For all i = 1, • • • , s set x* be the initial form of 
Xi in R 9 . First we show, by induction on s, that for every graded i? 9 -module A^ 
generated by elements of degree 0, the module (x*, ■ • ■ ,x*)N has 1-linear resolution 
over R 9 . 

Let s — 1. Since &nn(xl)(xlN) = 0, by the proof of (i), we obtain that x\N has 
1-linear resolution as an i? s -module. Now, let s > 1 and suppose that the result 
has been proved for smaller values of s. Since 

(»!, • • • , xl)N/(xl • • • , xUJN = x* s {N/(xl • • • , xUJN], 

by the inductive hypothesis, the i? 9 -module (x*,--- , x*)N/(x*, • • • , x*_ t )N has 1- 
linear resolution. Now, using the exact sequence 

— ► (xl ■ ■ ■ , i^JJV — > K, ■ ■ • , x* s )N — > (xl, ■ ■ ■ , x;)JV/(sJ, • • • .xJ.JJV — > C 

in conjunction with inductive hypothesis, one can see that (a;*,--- ,x*)N has 1- 
linear resolution. 
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Now, set x := (xi, • • • , x s ) and x* := (x\, • • • , x* s ). Then there is an exact sequence 

(2.15.3) — > L(-l) — > [xA/] 9 (-l) A x*A/ 9 — ► 

where L = xM P| m 2 Af /xmAf and p is the natural surjective homomorphism. This 
yields the long exact sequence 

(2.15.4) 

> Torf " (L, k)j-i -> Torf ([xM] J , fc)^ -> Torf 9 (x*A-/ s , fc)j -► • • • . 

Since R 9 is Koszul, Tor^ (L, fc)j_i = for i > and j '■ ^ i + 1. As we already 
showed, x*M 5 has 1-linear resolution. Now, using (|2.15.4|) . xM is Koszul. 
(mz) We have the exact sequence 



— > m*M 9 — > M 9 — >• M 9 /m*M 9 — > 

of i? s -modules. By (u), reg Rg (m*M 9 ) — 1. So from the above exact sequence we get 
re gi?s (Af 9 ) < max{reg fls (m*A/ 9 ),reg i?g (Af 9 /m*Af ff )} = 1. 



(iv) Let I C m be an ideal of R. Set i? = i?/J and m = m/I. Then one can see 
that ann^,(y)m = m 2 for every y £ m \ m 2 . Thus R is a Koszul ring. 

□ 

Remark 2.16. Let (R,m) be a local ring with m 3 = and /i(m 2 ) = 1. Then, by 
pj Proposition 4.1], the condition ann(a;)m = m 2 , for all x £ m \ m 2 , is equivalent 
to Koszulness of R. Hence, by [3, Theorems 4.1 and 1.1], every R-module has a 
Koszul syzygy module. 

Without considering the restriction /i(m 2 ) = 1, Theorem \2.15\ gives us some class 
of modules which are Koszul. 

Now, it is natural to ask: 

Question: Let (R, m, k) be a local ring such that ann(x)m = m 2 for each x £ 
m \ m 2 . Does each i?-module M has a Koszul syzygy module? 
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